Wave propagation in a generalized thermoelastic solid cylinder of arbitrary cross-section  by Ponnusamy, P.
International Journal of Solids and Structures 44 (2007) 5336–5348
www.elsevier.com/locate/ijsolstrWave propagation in a generalized thermoelastic solid
cylinder of arbitrary cross-section
P. Ponnusamy *
Department of Mathematics, Government Arts College (Autonomous), Coimbatore, Tamil Nadu 641 018, India
Received 13 October 2006; received in revised form 27 December 2006
Available online 10 January 2007Abstract
In this article, the wave propagation in a generalized thermoelastic solid cylinder of arbitrary cross-section is discussed,
using the Fourier expansion collocation method. The solid medium is assumed to be linear, isotropic, and dependent on
the rate of temperature. Three displacement potential functions are introduced, to uncouple the equations of motion and
the heat conduction. By imposing the continuity conditions the frequency equation corresponding to the problem is
obtained using the Fourier expansion collocation method based on Suhubi’s generalized theory [Suhubi, E.S., 1975. Ther-
moelastic Solids. In: Eringen, A.C. (Ed.), Continuum Physics, vol. 2. Academic, New York, Chapter 2]. To compare the
model with the existing literature, the results of a generalized thermoelastic solid cylinder are obtained and they are com-
pared with the results of Erbay and Suhubi [Erbay, E.S., Suhubi, E.S., 1986. Longitudinal wavepropagationed thermoelas-
tic cylinder. J. Thermal Stresses 9, 279–295]. It shows very good degree of agreement. The computed non-dimensional
wavenumbers are presented in ﬁgures for various values of the material parameters. The general theory can be used to
study any kind of cylinders with proper geometrical relations.
 2007 Elsevier Ltd. All rights reserved.
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The propagation of waves in thermoelastic materials has many applications in various ﬁelds of science and
technology, namely, atomic physics, industrial engineering, thermal power plants, submarine structures, pres-
sure vessel, aerospace, chemical pipes, and metallurgy. The importance of thermal stresses in causing structur-
al damages and changes in functioning of the structure is well recognized whenever thermal stress
environments are involved. Therefore, the ability to predict electrodynamics stress induced by sudden thermal
loading in composite structures is essential for the proper and safe design and the knowledge of its response
during the service in these severe thermal environments.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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phase velocities in diﬀerent modes of vibrations namely longitudinal, torsional, and ﬂexural, by constructing
frequency equations was devised (Nagaya, 1982, 1983, 1984, 1985). He formulated the Fourier expansion col-
location method for this purpose. Following Nagaya, Paul and Venkatesan (1987) studied the wave propaga-
tion in an inﬁnite piezoelectric solid cylinder of arbitrary cross-section using Fourier expansion collocation
method.
The generalized theory of thermoelasticity was developed by Lord and Shulman (1967) involving one
relaxation time for isotropic homogeneous media, which is called the ﬁrst generalization to the coupled
theory of elasticity. These equations determine the ﬁnite speeds of propagation of heat and displacement
distributions, the corresponding equations for an isotropic case were obtained by Dhaliwal and Sherief
(1980).
The second generalization to the coupled theory of elasticity is what is known as the theory of thermoelas-
ticity, with two relaxation times or the theory of temperature-dependent theomoelasticity. A generalization of
this inequality was proposed by Green and Laws (1972). Green and Lindsay (1972) obtained an explicit ver-
sion of the constitutive equations. These equations were also obtained independently by Suhubi (1964). This
theory contains two constants that act as relaxation times and modify not only the heat equations, but also all
the equations of the coupled theory. The classical Fourier’s law of heat conduction is not violated if the medi-
um under consideration has a center of symmetry. Erbay and Suhubi (1986) studied the longitudinal wave
propagation in a generalized thermoelastic inﬁnite cylinder and obtained the dispersion relation for a constant
surface temperature of the cylinder.
Singh and Sharma (1985), Sharma and Sidhu (1986) investigated the generalized thermoelastic waves in
transversely isotropic and anisotropic media, respectively. Sharma (2001) discussed the three-dimensional
vibration analysis of a homogeneous transversely isotropic thermoelastic cylindrical panel. Verma (2002) pre-
sented the propagation of waves in layered anisotropic media in generalized thermo elasticity in an arbitrary
layered plate.
Venkatesan and Ponnusamy (2002, 2003) have obtained the frequency equation of the free vibration of a
solid cylinder of arbitrary cross-section immersed in a ﬂuid using Fourier expansion collocation method. The
frequency equations are obtained for longitudinal and ﬂexural vibrations and are studied numerically for ellip-
tical and cardioidal cross-sectional cylinders.
In this paper, the free vibration of a generalized thermoelastic solid cylinder of arbitrary cross-section
is studied using the Fourier expansion collocation method based on Suhubi’s generalized theory (1975).
The frequency equations of longitudinal and ﬂexural (symmetric and antisymmetric) modes are analyzed
numerically for the material copper. The computed non-dimensional wavenumbers are plotted as a
graph.2. Formulation of the problem
We consider a homogeneous, isotropic, thermally conducting elastic solid cylinder of arbitrary cross-section
with uniform temperature T0 in the undisturbed state initially. The system displacements and stresses are
deﬁned by the cylindrical coordinates r, h, and z. In cylindrical coordinates, the three-dimensional stress equa-
tions of motion and strain-displacement relations and heat conduction in the absence of body force for a lin-
early elastic medium arerrr;r þ r1rrh;h þ rrz;z þ r1 rrr  rhhð Þ ¼ qu;tt ð1aÞ
rrh;r þ r1rhh;h þ r;rzz þ rhz;z þ 2r1rrh ¼ qv;tt ð1bÞ
rrz;r þ r1rhz;h þ rzz;z þ r1rrh ¼ qw;tt ð1cÞ
K T ;rr þ r1T ;r þ r2T ;hh þ T ;zz
  ¼ qcmT ;t þ qsT ;tt þ bT 0 u;rt þ r1ðu;t þ v;htÞ þ w;tz  ð1dÞand
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rhh ¼ k err þ ehh þ ezzð Þ þ 2lehh  b T þ gT ;tð Þ ð2bÞ
rzz ¼ k err þ ehh þ ezzð Þ þ 2lezz  b T þ gT ;tð Þ ð2cÞ
rrh ¼ 2lcrh ð2dÞ
rhz ¼ 2lchz ð2eÞ
rrz ¼ 2lcrz ð2fÞwhere rrr, rhh, rzz, rrh, rhz, and rrz are the stress components, err, ehh, ezz, erh, ehz, and erz are the strain
components, T is the temperature change about the equilibrium temperature T0, q is the mass density, cv
is the speciﬁc heat capacity, b is a coupling factor that couples the heat conduction and elastic ﬁeld equa-
tions, K is the thermal conductivity, s, g are the thermal relaxation times, t is the time, k and l are Lame’
constants.
The strain eij are related to the displacements are given byerr ¼ u;r; ehh ¼ r1 uþ v;hð Þ; ezz ¼ w;z; ð3aÞ
crh ¼ v;r  r1 v u;hð Þ; czh ¼ v;z þ r1w;h; crz ¼ w;r þ u;z ð3bÞin which u, v, and w are the displacement components along radial, circumferential, and axial direc-
tions, respectively. The comma in the subscripts denotes the partial diﬀerentiation with respect to
the variables.
Substituting the Eqs. (3) and (2) in Eq. (1), the following displacement equations of motion are obtained askþ 2lð Þ u;rr þ r1u;r  r2u
 þ lr2u;hh þ lu;zz þ r1 kþ lð Þv;rh
 r2 kþ 3lð Þv;h þ kþ lð Þw;rz  b T ;r þ gT ;rtð Þ ¼ qu;tt ð4aÞ
l v;rr þ r1v;r  r2v
 þ r2 kþ 2lð Þv;hh þ lv;zz þ r2 kþ 3lð Þu;h
þ r1 kþ lð Þu;rh þ r1 kþ lð Þw;hz  b T ;h þ gT ;htð Þ ¼ qv;tt ð4bÞ
kþ 2lð Þw;zz þ l w;rr þ r1w;r þ r2w;hh
 þ kþ lð Þu;rz þ r1 kþ lð Þv;hz
þ r1 kþ lð Þu;z  b T ;z þ gT ;ztð Þ ¼ qw;tt ð4cÞ
qcvj T ;rr þ r1T ;r þ r2T ;hh þ T ;zz
  ¼ qsT ;tt þ qcmT ;t þ bT 0 u;tr þ r1ðu;t þ v;thÞ þ w;tz  ð4dÞj = K/qcm is the diﬀusivity.
3. Solution of the equations
The Eq. (4) is a coupled partial diﬀerential equations of the three displacement and heat conduction com-
ponents. To uncouple the Eq. (4), we follow Mirsky (1964) and assuming the solution of Eq. (4) as follows:uðr; h; z; tÞ ¼
X1
n¼0
en /n;r þ r1wn;h
 þ /n;r þ r1wn;h  eiðkzþxtÞ ð5aÞ
vðr; h; z; tÞ ¼
X1
n¼0
en r1/n;h  wn;r
 þ r1/n;h  wn;r  eiðkzþxtÞ ð5bÞ
wðr; h; z; tÞ ¼ i=að Þ
X1
n¼0
en W n þ W n
 
eiðkzþxtÞ ð5cÞ
T r; h; z; tð Þ ¼ kþ 2lð Þ=ba2 X
1
n¼0
T n þ T n
 
ei kzþxtð Þ ð5dÞwhere en ¼ 12 for n = 0, en = 1 for nP 1, i ¼
ﬃﬃﬃﬃﬃﬃ1p , k is the wavenumber, x is the frequency, /n(r,h), Wn(r,h),
Tn(r,h), wn(r,h), /nðr; hÞ, W nðr; hÞ, T nðr; hÞ, wnðr; hÞ are the displacement potentials, and a is the geometrical
parameter of the cylinder.
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T a ¼ t
ﬃﬃﬃﬃﬃﬃﬃﬃ
l=q
p
=a, x = r/a, a 0 = c1a/j, X
2 ¼ x2a2=c21, v1 ¼ T 0aq2cvc1j b
2, v2 ¼ c
2
1
cmj
s, v3 ¼ c1a g, and v4 ¼ 1=ð2þ kÞ and
using Eq. (5) in Eq. (4), we obtainr2 þ X2  v41
 
/n  1 1þ k
 
v4W n  1þ iv3Xð ÞT n ¼ 0 ð6aÞ
1 1þ k v4r2/n þ v4r2 þ X2  12 W n  1 1þ iv3Xð ÞT n ¼ 0 ð6bÞ
 iv1Xr2/n þ iv11XW n þ r2  ia0Xþ v2
 
T n ¼ 0 ð6cÞandr2 þ 2þ k X2  12 wn ¼ 0 ð7Þ
where $2  o2/ox2 + x1o /ox + x2o2/o h2.
The parameters deﬁned in Eq. (6) namely, v1 couples the equations corresponding to the elastic wave prop-
agation and the heat conduction which is called the coupling factor; the coeﬃcient v2, which is introduced by
the theory of generalized thermoelasticity, may render the governing system of equations hyperbolic. The
parameter v3 is the coeﬃcient of the term indicating the diﬀerence between empirical and thermodynamic
temperatures.
Rewriting Eq. (6), results in the following equation:r2 þ X2  v412
  1v4 1þ k  1þ iv3Xð Þ
1v4 1þ k
  r2v4 þ X2  12  1 1þ iv3Xð Þ
iv1X i1v1X r2  ia0Xþ v2
 


/n;W n; T nð Þ ¼ 0: ð8ÞEq. (8), on simpliﬁcation reduces to the following diﬀerential equation:Ar6 þ Br4 þ Cr2 þ D  /n;W n; T nð Þ ¼ 0 ð9Þ
whereA ¼ v4 ð10aÞ
B ¼ v4 X2  v412 þ v2  iaX
 þ 12v24 1þ k 2 þ X2  12  ð10bÞ
C ¼ i1X 1þ iv3Xð Þ 12 þ 12v4 1þ k
 þ v4 þ X2  v412  X2  12  v4 v2  iXa0ð Þ 
 v2  iXa0ð Þ X2  12
 þ 12v24 1þ k   ð10cÞ
D ¼ iXa0 1þ iv3Xð Þ 12v4 1þ k
 þ X2  v412 12 þ X2  12  
þ v2  iXa0ð Þ X2  v412
 
X2  12  ð10dÞFactorizing the partial diﬀerential equation given in Eq. (9) into cubic equation for (aja)
2, (j = 1,2,3), the solu-
tion for the symmetric mode are obtained as/n ¼
X3
j¼1
AjnJn ajax
 
cos nh ð11aÞ
W n ¼
X3
j¼1
djAjnJn ajax
 
cos nh ð11bÞ
T n ¼
X3
j¼1
ejAjnJn ajax
 
cos nh ð11cÞThe solution for the antisymmetric modes /n, W n, and T n are obtained by replacing cosnh by sinnh in Eq. (11).
Since we are considering solid cylinder of arbitrary cross-section, the Bessel function of the second kind Yn is
absent.
Here (aja)
2 > 0, (j = 1,2,3) are the roots of the algebraic equation
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2 = 0 is not considered here, since Jn(0) are zero, except for n = 0.
The Bessel function Jn is used when the roots (aja)
2, (j = 1,2,3) are real or complex and the modiﬁed Bessel
function In is used when the roots (aja)
2, (j = 1,2,3) are imaginary.
The constants dj and ej deﬁned in the Eq. (11) can be calculated from the equationsv41 1þ k
 
dj þ 1þ iv3Xð Þej ¼ X2  12
 
v4  aja
 2 ð13aÞ
X2  12  aja 2v4
 	
dj  1 1þ iv3Xð Þej ¼ aja
 2
v41 1þ k
  ð13bÞSolving the Eq. (7), the solution to the symmetric mode is obtained aswn ¼ A4nJn a4axð Þ sin nh ð14Þwhere (a4a)
2 = X2  12. If (a4a)2 < 0, the Bessel function Jn is replaced by the modiﬁed Bessel function In. The
solution for the antisymmetric mode wn is obtained from Eq. (14) by replacing sinnh by cosnh.4. Boundary conditions and frequency equations
In this problem, the free vibration of a generalized thermoelastic solid cylinder of arbitrary cross-section is
considered. Since the boundary is irregular, the Fourier expansion collocation method is applied on the
boundary of the cross-section. Thus, the boundary conditions obtained arerpp
 
l
¼ rpq
 
l
¼ rzp
 
l
¼ Tð Þl ¼ 0 ð15Þwhere p is the coordinate normal to the boundary and q is the coordinate in the tangential direction. Here
rpp is the normal stress, rpq and rzp are the shearing stresses and ( )l is the value at the lth segment of the
boundary. Since the coordinate p and q are functions of r and h, it is diﬃcult to ﬁnd transformed expres-
sions for the stresses. Therefore the curved boundary is divided into small segments such that the varia-
tions of the stresses are assumed to be constant. Assuming the angle cl, between the normal to the
segment and the reference axis to be constant, the transformed expressions for the stresses are followed
by Nagaya (1982, 1984, 1985, 1983)rpp ¼ 2l u;r cos2ðh clÞ þ r1ðuþ v;hÞ sin2ðh clÞ þ 0:5 r1½u u;h  v;r
 
sin 2ðh clÞ
 
þ k u;r þ r1ðuþ v;hÞ þ w;z
  ð16aÞ
rpq ¼ l ðu;r  r1ðv;h þ uÞÞ sin 2ðh clÞ þ ðr1ðu;h  vÞ þ v;rÞ cos 2ðh clÞ
  ð16bÞ
rzq ¼ l ðu;z þ w;rÞ cosðh clÞ  ðv;z þ r1w;hÞ sinðh clÞ
  ð16cÞ
Applying the Fourier expansion collocation method along the curved surface of the boundary, the trans-
formed expressions for the stresses areSpp
 
l
þ Spp
 
l
h i
eið1zþXT aÞ ¼ 0 ð17aÞ
Spq
 
l
þ Spq
 
l
h i
eið1zþXT aÞ ¼ 0 ð17bÞ
Szp
 
l
þ Szp
 
l
h i
eið1zþXT aÞ ¼ 0 ð17cÞ
Stð Þl þ St
 
l
h i
eið1zþXT aÞ ¼ 0 ð17dÞwhere,
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 þX
1
n¼1
A1ne1n þ A2ne2n þ A3ne3n þ A4ne4n þ B5ne5n
  ð18aÞ
Spq ¼ 0:5 A10f 10 þ A20f 20 þ A30f 30
 þX
1
n¼1
A1nf 1n þ A2nf 2n þ A3nf 3n þ A4nf 4n
  ð18bÞ
Szp ¼ 0:5 A10g10 þ A20g20 þ A30g30
 þX
1
n¼1
A1nf 1n þ A2nf 2n þ A3nf 3n þ A4nf 4n
  ð18cÞ
St ¼ 0:5 A10k10 þ A20k20 þ A30k30
 þX
1
n¼1
A1nk
1
n þ A2nk2n þ A3nk3n
  ð18dÞ
Spp ¼ 0:5A40e40 þ
X1
n¼1
A1ne1n þ A2ne2n þ A3ne3n þ A4ne4n þ B5ne5n
  ð19aÞ
Spq ¼ 0:5A40f 40 þ
X1
n¼1
A1nf 1n þ A2nf 2n þ A3nf 3n þ A4nf 4n
  ð19bÞ
Szp ¼ 0:5A40g40 þ
X1
n¼1
A1ng1n þ A2ng2n þ A3ng3n þ A4ng4n
  ð19cÞ
St ¼
X1
n¼1
A1nk1n þ A2nk2n þ A3nk3n
  ð19dÞThe functions ejn  kjn used in the boundary conditions of the symmetric and antisymmetric cases are given in
Appendix A.
The boundary conditions along the entire range of the boundary cannot be satisﬁed directly. To satisfy the
boundary conditions, the Fourier expansion collocation method due to Nagaya (1982, 1984, 1985, 1983) is
applied along the boundary. Performing the Fourier series expansion to the transformed expression in Eq.
(15) along the boundary, the boundary conditions are expanded in the form of double Fourier series for sym-
metric and antisymmetric modes of vibrations. For the symmetric mode, the equation, which satisﬁes the
boundary conditions, is obtained in matrix form as follows:E100 E
2
00 E
3
00 E
1
01    E10N E201    E20N E301    E30N E401    E40N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
E1N0 E
2
N0 E
3
N0 E
1
N1    E1NN E2N1    E2NN E3N1    E3NN E4N1    E4NN
F 110 F
2
10 F
3
10 F
1
11    F 11N F 211    F 21N F 311    F 31N F 411    F 41N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
F 1N0 F
2
N0 F
3
N0 F
1
N1    F 1NN F 2N1    F 2NN F 3N1    F 3NN F 4N1    F 4NN
G100 G
2
00 G
4
00 G
1
01    G10N G201    G20N G301    G30N G401    G40N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
G1N0 G
2
N0 G
3
N0 G
1
N1    G1NN G2N1    G2NN G3N1    G3NN G4N1    G4NN
K100 K
2
00 K
3
00 K
1
01    K10N K201    K20N K301    K30N 0    0
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
K1N0 K
2
N0 K
3
N0 K
1
N1    K1NN K2N1    K2NN K3N1    K3NN 0    0
2
66666666666666666666666666664
3
77777777777777777777777777775
A10
A20
A30
A11
..
.
A1N
..
.
..
.
..
.
A41..
.
..
.
A4N
2
66666666666666666666666666664
3
77777777777777777777777777775
¼ 0
ð20Þwhere,
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XL
l¼1
Z hl
hl1
ejn Rl; hð Þ cosmhdh ð21aÞ
F jmn ¼ 2en=pð Þ
XL
l¼1
Z hl
hl1
f jn Rl; hð Þ sinmhdh ð21bÞ
Gjmn ¼ 2en=pð Þ
XL
l¼1
Z hl
hl1
gjn Rl; hð Þ cosmhdh ð21cÞ
Kjmn ¼ 2en=pð Þ
XL
l¼1
Z hl
hl1
kjn Rl; hð Þ cosmhdh ð21dÞHere j = 1,2,3,4 and 5, L is the number of segments, Rl is the coordinate r at the boundary and N is the num-
ber of terms in the Fourier series.
The boundary conditions for the antisymmetric mode are written in the form of a matrix as given
below:E410 E
1
11    E11N E211    E21N E311    E31N E411    E41N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
E4N0 E
1
N1    E1NN E2N1    E2NN E3N1    E3NN E4N1    E4NN
F 300 F
1
01    F 10N F 201    F 20N F 301    F 30N F 401    F 40N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
F 4N0 F
1
N1    F 1NN F 2N1    F 2NN F 3N1    F 3NN F 4N1    F 4NN
G410 G
1
11    G11N G211    G21N G311    G31N G411    G41N
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
G4N0 G
1
N1    G1NN G2N1    G2NN G3N1    G3NN G4N1    G4NN
K410 K
1
11    K11N K211    K21N K311    K31N 0    0
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
K4N0 K
1
N1    K1NN K2N1    K2NN K3N1    K3NN 0    0
2
6666666666666666666666666666664
3
7777777777777777777777777777775
A40
A11
..
.
A1N
..
.
..
.
..
.
..
.
..
.
..
.
A41
..
.
A4N
2
66666666666666666666666666666666664
3
77777777777777777777777777777777775
¼ 0 ð22ÞThe Fourier coeﬃcients Ejn, F
j
n, G
j
n, and K
j
n, are obtained by replacing cosmh by sinmh and sinmh by cosmh in
Eq. (21). For the non-trivial solution of the systems of equations, given in Eqs. (20) and (22), the determinant
of the coeﬃcient matrix must vanish and these determinants give the frequencies of symmetric and antisym-
metric modes of vibrations, respectively.
5. Numerical results and discussion
In accordance with the theoretical results obtained in the previous sections and comparing these results
with the literature results, few numerical analysis of the dispersion equation is carried out for elliptic and
cardioidal cross-sectional cylinders. The secant method given by Antia (2002) is used to obtain the roots
of the frequency equation. The material properties of copper at temperature 4.2 K are taken approximate-
ly as Poisson ratio m = 0.3, the Young’s modulus E = 2.139 · 1011 N/m2, k = 8.20 · 1011 kg/ms2,
l = 4.20 · 1010 kg/ms2, cv = 9.1 · 102 m2/ks2, K = 113 · 102 kg m/ks2, and q = 8.96 · 103 kg/m3. The other
parameters such as a 0, v1, v2, and v3 are chosen by following the arguments given by Erbay and Suhubi
(1986).
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0 2 4 6 8
Present Method
Erbay and Suhubi
Real(Ω)
ζ   (Wavenumber)
Fig. 1. Comparison between present method with Erbay and Suhubi (1986). Non-dimensional wavenumber versus real part of non-
dimensional frequency X for circular copper cylinder for a 0 = 2.0, v1 = v2 = v3 = 1.0.
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The geometrical relation for elliptic cross-sections is taken from Eq. (11) of Nagaya (1982), and they
are used directly for the numerical calculation. Since the elliptic cross-section vibrates along the axis of
the cylinder, the vibrational displacements are symmetrical about both major and minor axes. Therefore
n and m are chosen as 0,2,4,6, . . . in Eq. (20) for numerical calculation. The elliptical curve in the range
h = 0 and h = p is divided into 20 segments, such that the distance between any two segments is negligible.
To illustrate the validity of the model, the frequency equation is ﬁrst solved with a/b = 1.0, a 0 = 2.0,
v1 = v2 = v3 = 1.0 and the dimensionless frequency 0 6 X 6 1.0 is obtained by ﬁxing the dimensionless
wavenumber 1. A graph is drawn from these results by taking 1 along the x-axis and the real part of
X along the y-axis. The graph of the present method, indicated by the dotted lines is compared with
(Fig. 7) that of Erbay and Suhubi (1986), represented by solid lines is shown in Fig. 1. It shows perfect
matching between the two. This validates the present method, thereby, numerical analysis is continued fur-
ther to obtain the dimensionless wavenumber of an elliptic and cardioidal cylinders with diﬀerent thermal
parameters.5.2. Flexural mode
In the case of ﬂexural mode of elliptical cross-section, the vibration displacements are antisymmetrical
about the major axis and symmetrical about the minor axis. Hence the frequency equation is obtained from
the Eq. (22) by choosing both the terms as n,m = 1,3,5 . . . Two kinds of ﬂexural (symmetric and antisymmet-
ric) modes are considered. The dispersion curves are drawn for diﬀerent material parameters and they are
presented.
The same problem is solved for a cardioidal cross-sectional cylinder using the geometrical relations given in
Eqs. (24) and (26) of Nagaya (1983), which are functions depending on a parameter s. Since a cardioid is sym-
metric about only one axis, the longitudinal and ﬂexural symmetric modes are carried out by choosing
n,m = 0,1,2,3 . . . in Eq. (20) and ﬂexural (antisymmetric) modes are obtained by choosing n,m = 1,2,3 . . .
in Eq. (22). This parameter s represents a circle when s = 0 and represents a cardioid when s = 0.5. First
the parameter s = 0 and a 0 = 2.0, v1 = v2 = v3 = 1.0 is taken and the dispersion curve is obtained, this curve
in comparison with the dispersion curve of elliptic cylinder for the aspect ratio a/b = 1.0 and for the parameter
a 0 = 2.0, v1 = v2 = v3 = 1.0 which represent a circle are same. The computed non-dimensional wavenumbers
are presented as graphs.
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The results of longitudinal and ﬂexural (symmetric and antisymmetric) modes are plotted in ﬁgures with
respect to diﬀerent set of thermal parameters:
(i) a 0 = 2.0, v1 = 2.6 · 107, v2 = v3 = 1.0, (ii) a 0 = 2.0, v1 = v2 = v3 = 1.0, and (iii) a 0 = 4.0,
v1 = v2 = v3 = 1.0. The notations LT, LWT represents the longitudinal mode with thermal ﬁeld and longitu-
dinal mode without thermal ﬁeld, respectively. Similarly, FST, FSWT, FAT, and FAWT represent the ﬂexural
(symmetric and antisymmetric) modes with thermal and without thermal ﬁeld in the order. The 1 refers to the
ﬁrst mode and 2 the second.
The comparison made between generalized thermal cylinder of arbitrary cross-section and a cylinder of
arbitrary cross-section without thermal ﬁeld in longitudinal and ﬂexural (symmetric and antisymmetric)
modes are, respectively, shown in Figs. 2 and 3. A graph is drawn between non-dimensional frequencies X
versus dimensionless wavenumber |1| for an elliptic cylinder for the longitudinal and ﬂexural (symmetric
and antisymmetric) modes of vibrations for the aspect ratios a/b = 1.3 with the thermal parameters
a 0 = 2.0, v1 = v2 = v3 = 1.0 is given in Figs. 2 and 3, respectively. From the Fig. 2, it is observed that the wave
propagation in thermal ﬁeld dissipates more energy in the ﬁrst mode of longitudinal vibration with respect to
the second mode. The behavior of the wave is almost same for both the modes. The wave propagation in the
cylinder without thermal ﬁeld, the behavior is linear in the ﬁrst mode, whereas in the second mode, there is a
sudden rise in the wavenumber for small change in the frequency beyond which, a constant linearity is seen. It
is observed in the Fig. 3, the general trend is, as the frequency X increases, the non-dimensional wavenumber
|1| also increases in both modes of vibration. In mode1, the behavior is same up to X = 0.3, beyond which the
increase in wavenumber of symmetric and antisymmetric without thermal ﬁeld is slightly higher than the sym-
metric and antisymmetric vibration with thermal ﬁeld. In mode 2, the antisymmetric with and without thermal
ﬁeld shows similar characteristics and symmetric mode with and without thermal ﬁeld is same in behavior.
Aspect ratios a/b = 1.5,2.0 versus dimensionless wavenumber |1| of an elliptic cylinder for longitudinal and
ﬂexural (symmetric and antisymmetric) modes of vibrations with the parameters a 0 = 2.0, v1 = v2 = v3 = 1.0
are presented in Fig. 4. From the ﬁgure, it is observed that as the aspect ratios increase in the longitudinal and
ﬂexural (symmetric and antisymmetric) modes of vibration, the non-dimensional wavenumbers are also
increases. Comparing the arbitrary cross-section with the circular cross-section (Fig. 1), the non-dimensional
wavenumbers of the arbitrary cross-section is slightly more than the circular cross-section. The longitudinal0
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Fig. 2. Comparison between longitudinal mode of vibration in elliptic cross-sectional cylinder with and without thermal ﬁeld for the
parameters a 0 = 2.0, v1 = 2. 6 · 107, v2 = v3 = 1.0 for the aspect ratio a/b = 1.3.
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Fig. 4. Aspect ratios a/b versus dimensionless wavenumber |1| of an elliptic cylinder for the longitudinal and ﬂexural (symmetric and
antisymmetric) modes of vibrations with a 0 = 2.0, v1 = 2.6 · 107, v2 = v3 = 1.0.
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Fig. 3. Comparison between ﬂexural (symmetric and antisymmetric) modes of vibration in elliptic cross-sectional cylinder with and
without thermal ﬁeld for the parameters a 0 = 2.0, v1 = 2.6 · 107, v2 = v3 = 1.0 for the aspect ratio a/b = 1.3.
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antisymmetric) modes for the above aspect ratios behave same.
The Fig. 5 shows the non-dimensional frequency X versus dimensionless wavenumber |1| for cardioidal
cross-sectional cylinder with the material parameter a 0 = 2.0, v1 = 2.6 · 107, v2 = v3 = 1.0. By changing
the parameter a 0, such as a 0 = 4.0, v1 = 2.6 · 107, v2 = v3 = 1.0, the dispersion curves are drawn and are pre-
sented in Fig. 6. From these ﬁgures, it is observed that as the frequency increases the non-dimensional wave-
numbers are also increases. As comparing the vibration of circular cross-section s = 0.0 and the cardioid cross-
section s = 0.5, the dispersion is high for cardioidal cross-section, than the circular cross-section, it is seen in
Figs. 5 and 6.
6. Conclusions
In this paper, the wave propagation in a generalized thermoelastic solid cylinder of arbitrary cross-section is
analyzed by satisfying the boundary conditions on the irregular boundary using the Fourier expansion collo-
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Fig. 6. Non-dimensional frequency X versus dimensionless wavenumber |1| of a cardioidal cross-sectional cylinder for the longitudinal and
ﬂexural (antisymmetric) modes of vibrations with a 0 = 4.0, v1 = 2.6 · 107, v2 = v3 = 1.0.
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Fig. 5. Non-dimensional frequency X versus dimensionless wavenumber |1| of a cardioidal cross-sectional cylinder for the longitudinal and
ﬂexural (antisymmetric) modes of vibrations with a 0 = 2.0, v1 = 2.6 · 107, v2 = v3 = 1.0.
5346 P. Ponnusamy / International Journal of Solids and Structures 44 (2007) 5336–5348cation method and the frequency equation for the longitudinal and ﬂexural vibrations are obtained. Numer-
ically the frequency equations are analyzed for the cylinder of diﬀerent cross-section such as elliptical and car-
dioidal cross-sectional cylinders. The computed dimensionless wavenumbers of longitudinal and ﬂexural
(symmetric and antisymmetric) modes for the elliptic and cardioidal cross-sectional cylinders are plotted as
dispersion curves. The results of the present method is compared with the literature results, they show very
good agreement. The problem can be analyzed for any other cross-section by using the proper geometric
relation.
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The expressions ejn  kjn used in Eqs. (20) and (22) are given as follows:
ejn ¼ 2e4 nðn 1ÞJnðajaxÞ þ ðajaxÞJnþ1ðajaxÞ

 
cos 2ðh clÞ cos nh
 x2 e4ðajaÞ2 þ kþ 2 cos2ðh clÞ
 þ kdje41
n o
Jn ajax
 
cos nh ðA:1Þ
þ 2ne4 ðn 1ÞJnðajaxÞ  ðajaxÞJnþ1ðajaxÞ

 
sin nh sin 2ðh clÞ; j ¼ 1; 2; 3
e4n ¼ 2e4 nðn 1ÞJnða4axÞ  ða4axÞJnþ1ða4axÞf g cos nh cos 2ðh clÞ
þ 2e4 ½nðn 1Þ  ða4axÞ2Jnða4axÞ þ ða4axÞJnþ1ða4axÞ
n o
sin nh sin 2ðh clÞ ðA:2Þ
f jn ¼ 2 ½nðn 1Þ  ðajaxÞ2JnðajaxÞ þ ðajaxÞJnþ1ðajaxÞ
n o
cos nh sin 2ðh clÞ
þ 2n ðajaxÞJnþ1ðajaxÞ  ðn 1ÞJnðajaxÞ

 
sin nh cos 2ðh clÞ; j ¼ 1; 2; 3 ðA:3Þ
f 4n ¼ 2ne4 ðn 1ÞJnða4axÞ  ða4axÞJnþ1ða4axÞf g cos nh sin 2ðh clÞ
 e4 2ða4axÞJnþ1ða4axÞ  ½ða4axÞ2  2nðn 1ÞJnða4axÞ
n o
sin nh cos 2ðh clÞ ðA:4Þ
gjn ¼ ð1þ djÞ nJnðajaxÞ cosðn 1hþ clÞ  ðajaxÞJnþ1ðajaxÞ cosðh clÞ cos nh

 
; j ¼ 1; 2; 3 ðA:5Þ
g4n ¼ 1 nJnða4axÞ cosðn 1hþ clÞ  ða4axÞJnþ1ða4axÞ sin nh sinðh clÞ

  ðA:6Þ
kjn ¼ ej n cos n 1hþ cl
 
Jn ajax
  ajax Jnþ1 ajax  cosðh clÞ cos nh
 ; j ¼ 1; 2; 3 ðA:7Þ
ejn ¼ 2e4 nðn 1ÞJnðajaxÞ þ ðajaxÞJnþ1ðajaxÞ

 
cos 2ðh clÞ sin nh
 x2 e4ðajaÞ2 þ kþ 2 cos2ðh clÞ
 þ kdje41
n o
Jn ajax
 
cos nh ðA:8Þ
 2ne4 ðn 1ÞJnðajaxÞ  ðajaxÞJnþ1ðajaxÞ

 
cos nh sin 2ðh clÞ; j ¼ 1; 2; 3
e4n ¼ 2e4 nðn 1ÞJnða4axÞ  ða4axÞJnþ1ða4axÞf g sin nh cos 2ðh clÞ
 2e4 ½nðn 1Þ  ða4axÞ2Jnða4axÞ þ ða4axÞJnþ1ða4axÞ
n o
cos nh sin 2ðh clÞ ðA:9Þ
f jn ¼ 2 ½nðn 1Þ  ðajaxÞ2JnðajaxÞ þ ðajaxÞJnþ1ðajaxÞ
n o
sin nh sin 2ðh clÞ
 2n ðajaxÞJnþ1ðajaxÞ  ðn 1ÞJnðajaxÞ

 
cos nh cos 2ðh clÞ; j ¼ 1; 2; 3 ðA:10Þ
f 4n ¼ 2ne4 ðn 1ÞJnða4axÞ  ða4axÞJnþ1ða4axÞf g sin nh sin 2ðh clÞ
þ e4 2ða4axÞJnþ1ða4axÞ  ½ða4axÞ2  2nðn 1ÞJnða4axÞ
n o
cos nh cos 2ðh clÞ ðA:11Þ
gjn ¼ ð1þ djÞ nJnðajaxÞ cosðn 1hþ clÞ  ðajaxÞJnþ1ðajaxÞ cosðh clÞ sin nh

 
; j ¼ 1; 2; 3 ðA:12Þ
g4n ¼ 1 nJnða4axÞ cosðn 1hþ clÞ þ ða4axÞJnþ1ða4axÞ cos nh sinðh clÞ

  ðA:13Þ
kjn ¼ ej n cos n 1hþ cl
 
Jn ajax
 þ ajax Jnþ1 ajax  cosðh clÞ sin nh
 ; j ¼ 1; 2; 3 ðA:14ÞReferences
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